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Objective

After studving this section, you will be able to
u Apply theorems relating the angle measures and side lengths of
triangles

Part One: Introduction

It can be shown that the base angles of any isosceles triangle are

congruent. ' l A (

: A AR MAS
Theorem 20  If two sides of a triangle are congruent, the angles g)ﬁ ) G’ ‘ A B = AE
opposite the sides are congruent. (If /X, then D)
Ly e

Given: AB = AC A J?)
Prove: /B = /C > c

B C ¥
Proof:
Statements Reasons
1 AB = AC 1 Given
2 BC=BC 2 Reflexive Property
3 AABC = AACB 3 SS8 (1, 2, 1)
4 /B=/C 4 CPCTC

You should be accustomed to proving that one triangle is congruent
to another triangle. But notice that to prove the preceding theorem,
we proved that a triangle is congruent to itself (its mirror image). We
shall use the same type of proof to show that the converse of
Theorem 20 is also true.
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Theorem 21  If two angles of a triangle are congruent, the sides
opposite the angles are congruent. (If £\, then 7X.)

Given: £D = £E D
Conclusion: DF = EF \ /

Proof: F
Statements Reasons

1 D= LE 1 Given

2 DE = DE 2 Reflexive Property

3 ADEF = AEDF | 3 ASA (1,2, 1)

4 DF = EF 4 CPCTC

Theorem 21 tells us that a triangle is isosceles if two or more of its
angles are congruent. We now have two ways of proving that a
triangle is isosceles.

Ways to Prove That a Triangle Is Isosceles

1 If at least two sides of a triangle are congruent, the triangle is
isosceles.

2 If at least two angles of a triangle are congruent, the triangle 0
is isosceles.

The inverses of Theorems 20 and 21 are also
true. (Recall that the inverse of “If p, then
q” is "If not p, then not q.”) In fact, it can
be proved that inequalities of sides and an-
gles are related as shown in the diagram.

Theorem If two sides of a triangle are not congruent, then the
angles opposite them are not congruent, and the
larger angle is opposite the longer side. (If %,
then £)..)

Theorem If two angles of a triangle are nol congruent, then
the sides opposite them are nol congruen!, and the
longer side is opposite the larger angle. (If £,

then 2%.) Eyv

These theorems will be restated and proved in Chapter 15.
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Let us now consider a question we raised in Seclion 3.6: Is an
equilateral triangle also equiangular?

Given: GH = H] = GJ
Is/H= /)= 2G?

If GH = HJ, which two angles must be congruent? If HJ = GJ, which
two angles must be congruent? Do we therefore know that AGH] is
equiangular? Can we also prove that an equiangular triangle is
equilateral?

Because of their equivalence, the terms equilateral triangle and
equiangular triangle will be used interchangeably throughout this
book. We cannot, however, use the words equilateral and equiangular
interchangeably when we apply them to other types of figures. For
example, figure ABCD is equilateral but not equiangular. Figure
EFGH, on the other hand, is equiangular but not equilateral.

A——D B
:\_ A |
B\*ﬁ‘—.AC FE _j G

Part Two: Sample Problems

Problem 1 Given: AC > AB,
msB + msC < 180,
msB = 6x — 45,
msC =15+ x

What are the restrictions on the value

of x?
Solution Since AC > AB, mZB > mzC.
6x — 453 15 + x
5x = B0
x5 12

We also know that mZB + m2C < 180.
6x — 45 + 15 + x < 180
7X <210
X < 30

Therefore, x must be between 12 and 30. rla < X< 3 O }

D




Problem 2

Proof

Problem 3

Proof

Problem 4

Proof
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Prove: The biscclor of the vertex angle of an isosceles triangle is also
the median to the base.

lI'or a problem like this, we must sel 0

up the proof and supply the diagram.

Given: AJOM is isosceles, with /PN
£]OM the vertex angle. \\
=5 ) .
OK bisecls # JOM.

Conclusion: OK is the median to the J K M

base.
Statements Reasons

1 AJOM is isosceles, with 1 Given
£JOM the vertex angle.

2 O] = 0OM 2 The legs of an isosceles A are =.
>

3 OK hisects £JOM, 3 Given

4 /JOK = £MOK 4 If a ray bisects an 2, it divides the

Z into two = Zs.

5 OK = OK 5 Reflexive Property

6 AJOK = AMOK 6 SAS (2, 4, 5)

7 JK = MK 7 CPCTC

8 OK is the median to 8 If a segment from a vertex of a A
the base. divides the opposile side into two

= gegmenls, il is a median.

Given: £3 = /4,
BX = AY,
BW = AZ

Conclusion: AWTYZ, is isosceles.

WX Y Z
Statements Reasons

1 £3=/4 1 Given

2 /3 is supp. to ZWBX. 2 If two £s form a straight 2, they are
supplementary.

3 Z4 is supp. to £YAZ. 3 Same as 2

4 /WBX = LYAZ 4 /s supp. to = Zs, are =,

5 BX = AY 5 Given

6 BW = AZ 6 Given

7 ABWX = AAZY 7 SAS (5, 4, 6)

8 LW= /7 8 CPCTC

9 AWTY is isosceles. 9 If at least two #s of a A are =, the
A s isosceles.

Given: £E = /H,
EF = GH

Conclusion: DF = DG

Stalements Reasons
1 LE=/H 1 Given
2 DE = DH 2 If A\, then 2
3 FF = GH 3 Given
4 ADEF = ADHG 4 SAS (2,1, 3)
5 DF = DG 5 CPCTC
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m mﬂm/a—)
- E 55
iven: Z/KRM = 2PRO, R /pﬁ(
KR = PR Q

Prove: RM = RO _ ASA
K M o P

8 R [(_, P
| LKRMZPRO |, Grloew
a . k= er >. (o ver—
3 K= LP 5VK$A

U ARJUAEARPO 4. ASA (133)
s. o~ Y S S cpcro (4)

20 Given: ZA is the vertex of an isosceles A. = Ag=AC A

S, T AB

Ms. Kresovic

o The number of degrees in /B is
twice the number of centimeters y
# The number of degrees in 2C is
three times the number of centi- g
meters in AB.
msB = x + 6, YA\ M C
[_ m/C = 2x — 54
Find:; The perimeter of AABC
> = 2C “Hren (o(O:Q(EfD & (0(0:8(’45)
J 33 = BC
Y+ (o - 2 X — S
(.OO - ¥

B+ ~AC +BC .
D c;;'\-}-a; +33 SEEs
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— A ——
23 Given: OO,
AB bisects s OAP and OBP.
Prove: Figure AOBP is equilateral. B~

Stedenats Recsons

I OO \. Gven

O OK ‘=08 o O >=rad
3.4 2¢3 3. X o>
4. OP U Cved

S. PAEPB 5 0> L ool
b L2=/4 b A< S A

:(‘ALZ’;; his Ls AP R 0P T (o)

B 22y L3=d 8 hisD>2 /s ()
q. A.l—Ll““LS =4 QA Tans. (3, 6,8)
10. KB = ”RA O~

L AOMAPAR 1 ASA (910 9)

12 OA=PA &OR'EPB 12 CPCTTC (\2)

13 OAEPAY OBEPB /D1 tans (\7_‘2,53
1d. Quad OBRPA = et 14 505 2 =lad.




