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12.4: Volume of Prisms and Cylinders

SURFACE AREAS OF
CIRCULAR SOLIDS

Objective
After studying this section, you will be able to
® Find the surface areas of circular solids

Part One: Introduction

Consider the following three solids that are based on the circle.

Cylinder Cone Sphere

A cylinder resembles a prism in having two

. congruent parallel bases. The bases of a cyl- O

inder, however, are circles. In this text, cyl-

inder will mean a right circular cylinder— h '}
that is, one in which the line containing the :
centers of the bases is perpendicular to each e
base.

Cylinder Prism

The lateral area of a cylinder can be visualized by thinking of a
cylinder as a can, and the lateral area as the label on the can. If we
cut the label and spread it out, we see that it is a rectangle. The
height of the rectangle is the same as the height of the can. The base
of the rectangle is the circumference of the can.

Circumference
A drh
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Theorem 113  The lateral area of a cylinder is equal to the prod-
uct of the height and the circumference of the base.
LA, =Ch=2ath= hdm
where C is the circumference of the base, h is the
height of the cylinder, and r is the radius of the

base.
Definition The total area of a cylinder is the sum of the cylin-

der’s lateral area and the areas of the two bases.

T'A‘Cyl — L,A. + ZAbase
hdT +3L1r r"']
. } Slant
A cone resembles a pyramid, but its £ = Height
base is a circle. In a pyramid the slant 10‘
height and the lateral edge are different; in a
cone they are the same.
Cone Pyramid

In this book, the word cone will mean a right circular cone—
one in which the altitude passes through the center of the circular
base.

Theorem 114 The lateral area of a cone is equal to one-half the
product of the slant height and the circumference of
the base.

L'A' cone =_%_g€ = ﬂe
where C is the circumference of the base, ¢ is the
slant height, and r is the radius of the base.

Definition The total area of a cone is the sum of the lateral area
and the area of the base.
Tligone = Lihs+ Appee ’-

ﬂ'(r\QB - ﬂ‘(r‘>

A sphere is a special figure with a spe-
cial surface-area formula. (A sphere has no
lateral edges and no lateral area.) The proof
of the formula requires the concept of limits
and will not be given here.

2

NN

Postulate T.A. sphere =@AAT
where r is the sphere’s radius.
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12. 3 Class Examples

Problem Find the total area of each figure

e iy D
NV

Solution 8 Thigy = LA, + 285, b T.A 0 = LA+ Ay,
= 27th + 27r1°

6 T.A. hare = 4aT?
= qrf + 7’ = 47(5%
= 27(5)(6) + 27(5?) = 7(5)(6) + m(5%) = 1007
= 1107 = 557
Part Three: Problem Sets
Problem Set A
1 What is the total area of a sphere having
a A radius of 77 c A diameter?Af 6?7 -d . ('q-
2 = r= 3 ) " =
A 2 L[ﬂ'r, 7 » 4837 < 2T
SPHERE
2 Find the lateral area and the total area of each mlul
] g S dihw = Jyo
8

L A o T 2 AT

P J-rr 2{‘/%) ”'

Q%r
A-,uui ; Trr, . -_
sk = BT

r
SO
S

4 Find the total area of each solid. (Hint: Be sure that vou include
only outside surfaces and that vou do not miss any.)

> LA: 3 spusne = 1(4117“)
LAcmv: rrl - b 0 ° z

or

\ M, r
d'| 2
- 2011" - El '._. . - 7]
e —parr’s 3t
TSA = /0%
L Bose

This is a hemisphere (“half sphere”). The

T.A. includes the area of the circular base.
rsA» 3 4r
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§ ABCD is a parallelogram, with A ={-4,3), B = (6, 3)
C=[-3,12) and D = (5,12 .

@ Find the slopes of the diagonals, AC and BD.

b Use your answers to part a to identify SABCD by its most
specific name,

-4

|2 You could use your ID

as a straight edge!

A EDERYT 23 k.7
C, . AN T 5 --4y 44 3
L meBady A3 -9 |
. Ay|~-3-y " -4
T Q S'lppé.s ot
nmot L
\505. Trn
AT L ALmEa
L Lo
T —
I
R
6 Find the total (including the reclangular 2

face) surface area of a half cylinder with
a radius of 5 and a height of 2.

‘J

6 A of%cyl =LA+ Ahnge 1+ Abase 2+ Acut surface

LA=5(C-h) Apage = 3712

LA = J(2nrh) Abase = 5(5)?
LA = 3 @)n(5)2) Bram=3m:
LA =10n

Acut surface =€ - W

Acut surface = 2 - 10

Acut surface = 20

ALy =10m + 2P = 20
Aglc_yl =35m + 20
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10 Find the total area of tha solid.

")-Ll 1 1?

| ot I
I O I |
s R O N e A

4.3.3T . T .
o/
]8'11' > LOTI_ + N/

11 KITE is & kite. i
a Find the area of KITE. € (0, &1
b Find the area of the rectangle formed
when consecutive midpoints of the
sides of KITE are connected.

8 Ayite =5d; - da =2(16)8) = 64
b From mdpt form, mid KE = (2, 4), mid Kl = (-2, 4),
and mid ET =(2,—4). Area[_] =4.8=32
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13 The solid at the right is called a frustum ¥ T_ﬂ)\
of a cone. Find its tolal area if the radii e —
of the top and bottom bases are 4 and 8 £ i
respectively, and the slant height is 5. <

Draw in the rest of the cone and find the area.
LA = n(8)(10) = 80n

Subtract area of top cone. A 4
LA = n(4)(5) = 20n a

80r - 20n = 60n

radius of large © = 8, small © = 4

slant ht large = 10, small = 5, (converse of Midline Th)
TA=16n+64n+(n-8-10-7%-4.5) = 140%

14 A surfoce of rotation is generated by revolving a shape about a
fixed line, called the axis of rotation. For example, revalving a
half circle about the line containing its endpoints produces a
sphere,

=— Axis of Rotation

Identify the surface of rotation generated in each diagram below
and compute the total area of each of these surfaces,

ki b c -
a -"h_, .":u ~ -: - f Tig 2}

| 3 =y 1

| \_\‘ - "'_l

H LY It

LY 1

r G —

1]

I \
ANTS AKTS AN

b Forms cylindrical shell.
a Forms the frustrum of a cone. &

radius sm © = 2 @
Extend the frustrum to form radinslg®=2+1m38 g 2
a cone. There are two é& A height = 5
CLNCBNS . \ TA= LAlm-gc eyl + LAgman eyl + 2(Alarge base — Asmall base)
30°60°90 As formed with & 60° TA = 2rrh + 2nrh + 2(nr2 — nr2)
Il bases. TA = 21(3)(5) + 2n(2)(5) + 2(n(3) - m(2)?]

TA = 2r(15) + 20n + 2(9% — 47)

In the large A, hypotenuse = £ of cone = 12 TA'S9nk tan: - ins s

In small A, hypotenuse = 23)=6 : ¢ Forms same solid as problem 9.
. ‘ radius = 8
TA= LAlaljge cone — LilAgmall cone + Abage 1 + Abpase 2 height cyl = 10 | aii
TA=nr- ¢ —nr. 0 +nr2 + o2 slant height cone = 17 m 8
TA = 2 re inder one -
TA = n(6X(12) - n(3)(6) + n(6)2 + n(3)2 3 optace) * 1ot L ;
TA = §(4nr2) + 2nrh + nré

TA = 727\: - 1875 + 3675 + 9TE = 9975 TA=§I[4E{8)2] + 27(8)(10) + n(8)(1T)

TA = 128n + 160m + 1361 = 424%
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VOLUMES OF Prisms
AND CYLINDERS

Objectives

After studying this section, you will be able to

® Find the volumes of right rectangular prisms

® Find the volumes of other prisms

= Find the volumes of cylinders

® Use the area of a prism’s or a cylinder’s cross section to find the
solid’s volume

| S

Part One: Introduction

Volume of a Right Rectangular Prism

The measure of the space enclosed by a solid is called the solid’s
volume. In a way, volume is to solids what area is to plane figures.

Definition The volume of a solid is the number of cubic units
of space contained by the solid.

A cubic unit is the volume of a cube with edges one unit long.
A cube is a right rectangular prism with congruent edges, so all its
faces are squares. In Section 12.1 we used the word box for a right
prism. Thus, a right rectangular prism can also be called a rectangu-
lar box.

Each layer has 4 rows
of 6 cubic units each

4~ 1
n i Vs
One linear unit
6
One Cubic Unit Rectangular Box

The rectangular box above contains 48 cubic units. The formula that
follows is not only a way of counting cubic units rapidly but also
works with fractional dimensions.

Ms. Kreosvic
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Postulate The volume of a right rectangular prism is equal to
the product of its length, its width, and its height.

Vtecl. box = fwh

where ¢ is the length, w is the width, and h is the
height,

Another way to think of the volume of a
rectangular prism is to imagine the prism to
be a stack of congruent rectangular sheets of Y, W
paper. The area of each sheet is £ - w, and
the height of the stack is h. Since the base of

the prism is one of the congruent sheets, V = fwh
there is a second formula for the volume of = (éw)h
a rectangular box. = (area of sheet) - h

Theorem 115 The volume of a right rectangular prism is equal to
the product of the height and the area of the base.

Vrem‘. box = %h
where % is the area of the base and h is the height.

Volumes of Other Prisms

The formula in Theorem 115 can be used to compute the volume of
any prism, since any prism can be viewed as a stack of sheets the

same shape and size as the base.
27 >
" =

v=@h V = Bh

Theorem 116 The volume of any prism is equal to the product of

the height and the area of the base.
% = Bh

prism

where B is the area of the base and h is the height.

Notice that the height of a right prism is equivalent to the
measure of a lateral edge.
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Volume of a Cylinder
The stacking property applies to a cylinder as well as to a prism, so
the formula for a prism’s volume can also be used to find a cylin-
der’s. Furthermore, since the base of a cylinder is a circle, there is a
second, more popular formula.

(&>

e

Theorem 117 The volume of a cylinder is equal to the product of
the height and the area of the base.

Ve = Bh = 7r’h
where 9B is the area of the base, h is the height, and
r is the radius of the base.

Cross Section of a Prism or a Cylinder
When we visualize a prism or a cylinder as

a stack of sheets, all the sheets are congru- ‘
ent, so the area of any one of them can be |
| substituted for 9. Each of the sheets be- ’/’ﬂ:'“\\
tween the bases is an example of a cross i
section. A
Definition A cross section is the intersection of a solid with a
plane.

In this book, unless otherwise noted, all references to cross
sections will be to cross sections parallel to the base. We can now
combine Theorems 116 and 117, using the symbol ¢ to represent the
area of a cross section parallel to the base.

Theorem 118 The volume of a prism or a cylinder is equal to the
product of the figure’s cross-sectional area and its
height.

Vprism or cyl & .@h
where { is the area of a cross section and h is the
height.

Ms. Kreosvic
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12.4: Class Examples

Part Two: Sample Problems

Problem 1 Find the volume of the rectangular prism. ]
! i
| S_—1
5
Solution V = éwh or V=®h <
= 20(5)(15) = (5 20)(15) (Usinga 5 x 20 face as base)
= 1500 = 1500

Problem 2 Find the volume of the triangular
prism. 4
Solution Notice that the base of the prism is
the triangle at the right. A
A, = 3(12)(8) = 48

V = %Bh
= 48(15)
=720

Problem 3 Find the volume of a cylinder with a
radius of 3 and a height of 12.
Solution V = arth
12
(3%)(12)
m(9)(12)
1087
Problem 4 Find the volume of the right prism
shown. (Take the left face as a repre-
sentative cross section.)
4

Solution Use either of two methods.
a Divide and Conquer: b Cross Section Times Height:
10 2
| *
S .
10 =10 + 28 = 38
Vtop box ~ 2(5)(10) = 100 V = ﬁh
bottom box = 7 (10)(4) = 280 = 38(10)

Vso]id = 280 + 100 = 380 380
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Problem 5 A box (rectangular prism) is sitting in

Z-axis
a corner of a room as shown.

Q: What are the coordinates of the

a Find the volume of the prism. A other “corners” of the box?
: ; -(4,5,6
b If the coordinates of point A in a i )
three-dimensional coordinate sys-
tem are (4, 5, 6), what are the coor-
dinates of B? y-axis

Solution a V=3%h
=(4-5)6 X-axis

120
b Point C = (0, 0, 0) is the corner.

To get from C to B, you would

travel 0 units in the x direction, 5

units in the y direction, and 0

units in the z direction. So the

coordinates of B are (0, 5, 0).

1 Find the volume of each solid.

2 Find the volume of cement needed 1o ~ dE
form the concrete pedestal shown. (Leave [5m
your answer in # form.) /—l

g

e
<<
L
—~
W)
~
e
—=
(%]
S

11



5 a Find the volume of a cube with an edge of 7. /j__‘/
b Find the volume of a eube with an edge of e,
¢ Find the edge of a cube with a volume of 125, P Prm—
3 A
7 s
3
( 5b 1 e
(5] sew 7 9407

3\[-3'5‘:%

8 Find the volume and the total area of the
prism,

T R O

13 *ISD + 240 = SLO

- .C = |20
ﬂBans‘aéé) b = 245 ;2;-0“7-

11 When Hilda computed the volume and the surface area of a
cube, both answers had the same numerical value, Find the
length of one side of the cube.

3
D

L =t1sa ¢ bx!
b sqFres (Ewch: ¥ |

v > TSA [N Ity

QL

L =x
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13 Find the volume of a cube in which a face disgonal is 10.

N 7 3 )3
sz = (09 ¥ s (=
\O A 2 /25 -2/
x"= 50 250/ 2
z X =/Z:'\/:{
~ x = 5/27

16 The cylindrical glass is full of water,
which is poured into the rectangular
pan. Will the pan overflow?

\/ : 5{;5)(/0): 750 \/cﬂ,_:L/LT 15
fan _ 3 L e /5T
EOen #53.6 on®

Diameter of outer cylinder=10+1+1=12

18 A cistern is to be buill of cement. The Radius of outer eyli =
walls and boltom will be 1 ft thick. The @ F 3 eS8
outer height will be 20 fit. The inner di- : ' Vouterq1 = Bh
ameter will be 10 fi. To the nearesi cubic b 10—y \I 2

nr
ek - Ir

foot, how much cement will be needed
n(6)2(20)

for the job?
720n cu ft
\‘:’/’J 1 Because the bottom will be 1 ft thick, height inner cyl =
height outer cyl — 1 ft = 19 ft and the radius inner cyl =

1
3(10)=5

]
G--
]

N
n

Vinnereyl = Bh

= 7r?h
n(5)%(19)
475n cu ft
Amt cement = Vouter eyl — Vinner cyl
720m cu ft — 475x cu ft
245m = T70 cu ft

Amt cement
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19 A wedge of cheese is cul from a cylindri-
cal block. Find the volume and the tolal
surface area of this wadge.

Vprism = Bh
= Asectorh
= 22 n(20)%(15)
Vprism = %1'2(400){15) =%E
TA = 205(2n- 20 - 15) + 2= 1(20)2 + 15 - 20]
= 3aom)(15) + 20(400m) + 215)(20)

600
= n+ 2%+ 600 =227 4 600
1400

TA = =5 ©+600

21 Find the volume of the solid at the right. ™
A representative cross section is shown,) A

10
Vprism = Bh J

A

[37(6)2 — 20)n(32)](10)
V = (18n-97)10 = 90=n

22 A cylinder is cut on a slant as shown.
Find the solid’s volume.

Separate the cylinder into a cylinder and a half cylinder.
The height of the top cylinder is 12 - 8 = 4,
Total Volume

Veyl1+ chl 2
= Bh +%Bh2

= Tcr2h1+%{nr2hg}
= T3XB) +37(3A)
= T2rn+ 18n

Total Volume = 90x

Tog s
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12.3 Homework

1 What is the total area of a sphere having A - l-lﬂ—r
b A radius of 37 d A diameter of 57

4337 < 3l r=z A:%E_gﬁ =5

2 Find the lateral area and the total area of each solid.

: e B LA
= _) 2
i; Sc [ ]5 +Q2bases=TC
x\ b C=or 2l
; HD
94 sea=4md3 lbase T
= 3 T ™
3 Find the radius of a sphere whose surface area is 144
sA = Ymrr?
2
lyyr= S v
=7 b
e r
5 ABCD is a parallelogram, with A = (3, ), B = (13, 6),
C=(7.-2,and D =[-3, —2). "'_3 ,3
a Find the slopes of the diagonals, AC and BD.
b Use your answers lo part a to identify ZABCD by its most - l
gpecific name, |O

—_—

tsa = A0m TSA = 4qm+ €T -—béf

Ms. Kreosvic
M 12 May 14
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8 Th ; i T é’ L
e lotal height of the tower shown is 5 LA -

10 m. If one liter of paint will cover an - (—"’- 3% (oNE - al. ')Td /Q
area of 10 sq m, how many 1-I. cans of [~ _ ﬁ
paint are needed to paint the entire low- | ‘ -rxmw
er? (Hint: First find the total area to be "| LA = ‘—l 5
painted, using 3.14 for =) Jioss S Yo =

g SN _—E::J 20T

L 4
Hint: Think Stoichiometry. Use proportions with units. L/;___l

¢ =
TSA= 20T +S6r = Fea = Q3% Ym*

03%.euni. |-L can. 933064 ecans

T
Q“[Ccubs

What size label (length and width] will just fit on a can 8 cm in
diameter and 14 cm high?

% .
LAy, C-h
’ 2rd-h ——> (817 b\j I'—yw
[

12 Find the total surface area of the solid
ghown, including the surface inside the
hola.

TSA :L:vmsu + d @ +LA“"-
Q C=6T
L][)‘_-‘T’]{} + 3%] e~

330 +Q[4-%] + cOF

I-HS + 4T
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12.4 Homework

1 Find the volume of each solid.
b B \/ =fw I/\.

- 92.%-1D
> 120

3 The area of the shaded face of the right
pentagonal prism is 51, Find the prism's
volume.

J-B 1

<51 F

"35%
fv. FeBl  L¥R T~8T
’,-SA . Hoi] + SD
ind the vol d the total surfz 5 = 10
IR | g Al b
. R )
ol e E!’ 1((,0) + ol(ﬂ>+9-(3°
v: 105'(0 : Joo 20)
> 200 % 2 (wor Gor
3 (1uD)
2%D

6 Find the length of a lateral edge of a right prism with a volume
_of 286 and a base area of 13. [2

—

V= Bk h
Je: D W
23 = I,

17

Ms. Kreosvic
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8 If point A's coordinates in the three- —
dimensional coordinate system are (2, 5, 8], B A _I-‘; 77;
what are the coordinates of B7 M
Zaxis L
{9101X L T(Q,Sﬂ)
[ LS >
(0,9 ol 2 e
AN 5(2,5;0)
X0MS
10 Find the volume and the total area of each right cylindrical solid V: R’ k
shown. 10b

1 k.

| F 2
a4 Ir(. F h ||'E __,Tl'r' .
il | _
|2 | N * = 36, . 20
LY 5 e R >
P e —— 20

2D - TC
V & h TSA=9~bM|.si-LA¢~”_ 8 -30

q) a(m?) * == 360w I
Ll BEY o)
LM ol + [
& + lO®mr
T T6* r ATI2-20
v (35“ ?l, * \J/ 20m
= 943 = T an_ + | T
oSn + Jogr | ST +240

12 Find the volume and the surface area of —_—
- P -
the regular hexagonal right prism. G o = 35 \
1l
V=5 L 3
T,

(J—Z’ = Dhex hases + L.AFF

_—_i.ﬂ-% lO Tsh PRISM . sg
= 365 313 a[ﬁap] F é}:“"ﬂ &3‘3

: 3[3:3b * 34O

WB +3 60 \
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14 A reclangular cake pan has a base 10 em by 12 cm and a height
of 8 cm. If 810 cu cm of batter is poured into the pan, how far up
the side will the baller come?

B
Vza60en’ T
1 /;,/g"*
- g | 810, 8%, dhusicde
gy Qo 32
cidewg. BT L A o

R ey
80/1{%70 L?Scm

15 A rectangular container is o be formed
by folding the cardboard along the dot-
ted lines. Find the volume of this - | [— =
container. :

B %39

=4.27F

2o T}

19
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17 Jim's lunch box is in the shape of a half
cylinder on a rectangular box. To the

I 4 Tl " -r ]
nearest whole unit, what iz ":3 3
a The total volume il contains? i 8
i in
b The total area of the sheet metal TRGIETESS <
needed to manufacture it? Gin =
10in
= \/ + \/
\/ L cYLINDER
LUNCH BOX PRISM st
2
= (§-10 + 5 Td IO

= 4gp o+ H45T

TSA = FpoNTebACK + L&R + RBoToM + Qg@s+ LA arun o
5.%10 +26¥ + o ¥ T T TIné

20 An ice-cube manufacturer makes ico
cubes with holes in them. Each cube
is 4 cm on a side and the hole is 2 cm
in diameter.

a To the nearest tenth, what is the volume of ice in each cube?

3
b To the nearest lenth, what will be the volume of the waler lefi CQDb 1O /..S‘/ "/) = 5/4. L/ Con
when ten cubes melt? (Water's volume decreases by 11% when — 7/ 9/0 /S_/ . L/_)

it ::]'liulgr-_-s from a solid 1o a |iquit!.}
e To the nearest tenth, what is the total surface area (including

the inside of the hale) of a single cube? 64-4mn

d The manufacturer claims that these cubes cool a drink fwice e 51.43362939.
as fasl as regular cubes of the same size. Verifv whether this Ansx10
claim is true by a comparison of surface areas. (Hini: The ratio 5143365939-115%:;333%939
af areas is equal to the ratio of cooling speeds.) - " :57 '}596339
c TA = 6(A face of the cube) — 2(A base of cyl) + LAy 4572.&

TA = 6(s2) — 2(mr?) + Ch
= 6(4)2 — 2(r(1)2) + 2r(1)(4)
= 6(16) — 2 + 8%
~ 96 —2(3.14) + 8(3.14)
TA = 114.8 sqem

d TA of a cube without hole = 6(s2)

TA = 6(42)
ik TA = 96 sgem
8 _ 120

His claim is not true, 114.8 sq ¢m vs. 96 sq cm.



