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10.5: Angles related to a circle Tuesday, January 26, 2016
Objectives
After studying this section, you will be able to The proof of Theorem 86 for inscribed angles is unusual b
= Determine the measures of central angles three cases must be considered. Shown below are slcl;:: ke;c:t];;z o
= Determine the measures of inscribed and tangent-chord angles each case in the proof that m£BAC = }(mBC).

= Determine the measures of chord-chord angles
= Determine the measures of secant-secant, secant-tangent, and
tangent-tangent angles

C
Angles with Vertices at the Center of a Circle gﬁf;-’ or i Case 2: Case 3:
The measure of an angle whose sides intersect a circle is determined side O?Th‘f af;;m a The center lies inside The center lies outside
by the measure of its intercepted arcs. The location of the vertex of 1 msBOC = m.EE the angle. the angle.
each angle is the key to remembering how to compute the measure 2 /BOC = /BAC + £ABO ; X(Sii cLase‘ 1 twice. 1 Use case 1 twice.
of the angle. - $0 mZBOG = 2(m/ BAC] ! s and arcs. 2 Subtract £s and
An angle with its vertex at the center of a circle is a central - arcs.
angle, already defined to be equal in measure to its intercepted arc Example 1 Given: mAC = 112 A A
(Section 10.3). Find: m<B .
msB = JmAC) . Ha \2 na
In ©O, AB = 50°, A 500 8 1 B
so m£AOB = 50. 2 C =
=56
Example 2 Given: FE is .
mbE izrgggmt at E. E L - L[O
Find: m£DEF

m/DEF = }(mDE)

)

go

Angles with Vertices on a Circle _

1
Two important types of angles whose vertices are on a circle are 580 D
shown below. =40
"
Q
M Angles with Vertices Inside, but Not at the
) R Center of, a Circle
P One type of angle other than a central angle has a vertex inside a
£HKM is an inscribed angle. £PQR is a tangent-chord angle. circle.
Definitio . . . Definition A chord-chord angle is an angle formed by two
n A_n inscribed tmgh? is an angle whose vertex is on a chords that intersect inside a circle but not at the
circle and whose sides are determined by two center.
chords.
£CPD is one of four chord-chord angles
Definiti formed by chords CF and DE in circle O.
efinition A tgngent—cbord angle is an angle whose vertex is on
a C[;FCIBhan?i whose sides are determined by a tangent
and a chord that intersect at the tangent’ i
contact. genl’s point of
Th Theorem 87  The measure of a chord-chord angle is one-half the
eorem 86  The measure of an inscribed angle or a tangent- sum of the measures of the arcs intercepted by the
chord angle (vertex on a circle) is one-half the mea- chord-chord angle and its vertical angle.

sure of its intercepted arc.

Notice that one-half the sum of the arc measures is the same as the
average of the arc measures.

Given: £3 is a chord-chord angle. A
Prove: m£3 = %(mﬁ—ﬁ + mﬁﬁ] \

Here are two key steps in a proof of Theorem 87. A "
C

1 ms3 =msl + msL2
2 mz3 = JmCD) + {mAB)

B




Angles with Vertices Outside a Circle

There are three types of angles having a vertex outside a circle and
both sides intersecting the circle.

£Visa
secant-secant angle.

£Cisa
secant-tangent angle.

LFisa
tangent-fangent angle.

Definition A secant-secant angle is an angle whose vertex is
outside a circle and whose sides are determined by
two secants.

Definition A secunt-fangent angle is an angle whose vertex is
outside a circle and whose sides are determined by a
secant and a tangent.

Definition A tangent-tangen! angle is an angle whose vertex is
outside a circle and whose sides are determined by
two tangents.

Theorem 88  The measure of a secant-secant angle, a secant-
tangent angle, or a tangent-tangent angle (vertex
outside a circle) is one-half the difference of the
measures of the intercepted arcs.

Key steps in a proof of Theorem 88 for secanl-secant angles follow.

Prove: m£E = %[mga - mAB)

1 mz3 = msE + m£2; solve for m£E.
2 mL2 = %{mﬁ_ﬁ); me3 = %[mgc]

3 Substitute and simplify.

Angle-Arc Summary

Central Angle Chord-Chord Angle
) ]
B
K B
C

m£KOJ = mjK m£DEC = Y(mAB + mCD)
Vertex at center => equal Vertex inside => half the sum

Inscribed Angle Tangent-Chord Angle
P 5
R
Q T
mzQ = Y{mPR) mT = }{mST)

Vertex on circle = half the arc

Secant-Secant Angle
D

Tangent-Tangent Angle
5

X
A

%
meP = YmSXT - mST)
Secant-Tangent Angle

R

miP = %{mﬁ - mﬁ]

Q

T

Example 1 Find mZA. 1 —
miA = %[mC‘U‘\ - mBE) 100 msP = 2[1‘I‘lR = mQT)
= 41100 - 20)
= Vertex outside circle = half the difference
Example 2 Find m£F. K From the ASN:
mjK = 360 — 100 — 60 FK is tangen
= 200 ,
T 1 = - T
miF = %[m]K mHK) J If the vertex of the angle | Then use this formula to
= 1(200 - 60) prins
=70 .
is the circle find the angle’s measure:
Example 3 Find m£Q. L
miMAP = 360 = 100 = 260 _ B
msQ = YmiAP - mMP) Y ' N 4N
= 3(260 — 100) A m A«
— 80 MandPi a
- M of co
200 -100 |40_gx ON Z = o
w LB = - — = ) m T
o-
N — M
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Class Examples
—Sem O 0 joY
Problem 1 Given: AB is a diameter of (;:"‘:P. /’/D!Q S ,-..ofz-‘o
fD = 20° DE = 104 Co 20 A +En

Find: m£C . B w ____/______
Solution First find mEA. = Slo D

S(A—QO _36_ i&. fgo'
mLC.-'- o = 9-'—'

out

Problem 2 Find y.

Solution Find m£BEC firsl,
29 +4F  F6 _38°
m.A'BE_C = o) T
stz =10 .. \,/ = 150
— 5%
| 42°
Problem 3 a Find x. b Find v ¢ Find z,
27 \
g .
PRSRGS
88 ‘h“-
Solution b ¢ _ 933 - I‘;ﬂ-- )2('
Lo BB s sase T Te e
. 2 _5%-3) b 53
T2
Prablem 4 a Find y. b Find =z ¢ Find a.
21 &
77 /—\ 2
125 %
yﬂ-
Solution a b 195-Z c a
== l+\/ 90— S <o
Q= 2= = o
Iqq-au‘i b4 = 135-F 130 =&
|2Dd=y Z = (o!°



Probilem 5 Find mAE and mGCL.

Solution .
w— 4N ” X=Y
6S= 3 &K 4= 5

130= x4 HB=x"Y
HE+N =X

120 = (dg+y) +Y — Y27 =2y

Hi=y  Huwx: UEHY

7 Given: AB = 108, CD = 62°
Find: 2AXB and £ Y

8 Given: TP = 170°, PO = 135° P
Find: £ R O
R
>

9 Given: LAEB = 30°,
AB = 507
Find: €O A .

17 If a point is chosen at random on GM,
what is the probability that it lies on

a IAN b AN ¢ D d IE

Problem Set B

18 Given: V(__()) is tangent to ©O at Q.
QS is a diameter of ©O.

PQ = 115% £RPS = 36°

A )
Find: a ZR e LQPR i PRQ
b 2S5 f £QPS j RSP

¢ SR g QTP k £VQS
d OR h £PQV I LQOP

=9’
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Homework 1005 5’ 6, 10, 12, 16’ 19’ 21’ 249 25, 33

5 Find the measure of each angle or arc that is labeled with a letter.

o e
A O

120

6 Find the measure of each angle or arc that is labeled with a letter.
a b ¢ d el
138° "
W —

10 Given: £P = 177,
TO = 42° 5
Find: R T .
42

ao~_ __~®

12 If ST = 85% 80 = 95, and TR = 175%,
find £P.

178

16 An inscribed angle intercepts an arc that is % of the circle. Find
the measure of the inscribed angle.



19 Given mZP = 60 and mPSR = 128, find P
msQ, mZR, and m/ZS.

21 Find the measure of each arc or angle labeled with a letter,

a % b c Tangent

Y 7\
X

24 Given: / AFE = 89°,
£LC = 15°
Find: AE and BD

25 Given: Q= 112°, A
DC = g7°
Find: AB D B
C

33 Given: WZ = XY,
WXY = 200°
Find: 2P

Tangent
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Directions: Each problem is worth 2 points. Do the work on your own. Check your answers with a partner. Work
together if there is a discrepancy. Hand in before you leave.

1o

LoV

10

Given: (&0 with diameter AD,
tanvents BF and CF

Qecants PE PD and PC

m/ DOC = 78°
m/DRE = 8“"’
mBC = 90°

Find mL BFC.
Find mL CBF,
Find mDC.

Find mAB.

Find mLDPC.
Find mL BEC.
Find mLDRC.

Find mDE.

Find mLEMA.

Find m/L OCB.

e

e

e

9

10




